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1 Introduction

In the following we derive an expression for the mean radial displacement, l̄2Dρ , for diffusing 2D molecules in
analogy to the well known expression for l̄r in three dimensions.

2 Derivation

Starting point is the solution of the diffusion equation in 2 dimensions

∂c(ρ, t)
∂t

= D∇2c(ρ, t) (1)

which, for a point source of M molecules released at the origin at time t = 0 can be shown to be

c(ρ, t) =
M

4πDt
e−

ρ2

4Dt (2)

(see also Eqs. 3.1, 3.2 in [1]). Therefore, the probability density for a molecule being in a radial shell of thickness
dρ around the origin is given by

p2D(ρ, t) =
(2πρ)dρ

4πDt
e−

ρ2

4Dt (3)

or, in normalized coordinates ρ̃ = ρ
λ with the normalization constant λ =

√
4Dt

p2D(ρ̃, t) = 2e−ρ̃
2
(ρ̃dρ̃) . (4)

Hence, the mean radial displacement of a 2D molecule is given by

l̄2Dρ = 2λ
∫ ∞

0

ρ̃2e−ρ̃
2
dρ̃ (5)

Since ∫ ∞
0

t2ne−at
2
dt =

Γ(n+ 1
2 )

2an+ 1
2

⇒
∫ ∞

0

ρ̃2e−ρ̃
2
dρ̃ =

Γ( 3
2 )

2
=
√
π

4
(6)

1



and from this

l̄2Dρ = 2λ
√
π

4
=
√
πDt (7)
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